The crossing number of P(3,1)×Pn  by Peng, Y.H. & Yiew, Y.C.
Discrete Mathematics 306 (2006) 1941–1946
www.elsevier.com/locate/disc
The crossing number of P(3, 1)×Pn
Y.H. Peng∗, Y.C.Yiew
Department of Mathematics, Institute for Mathematical Research, University Putra Malaysia, 43400UPM Serdang, Malaysia
Received 16 September 2004; received in revised form 1 March 2006; accepted 13 March 2006
Available online 9 June 2006
Abstract
There are several known exact results on the crossing numbers of Cartesian products of paths, cycles, and complete graphs. In
this paper we prove that the crossing number of Cartesian product between a path on n vertices, Pn and a special case of Petersen
graph P(3, 1), P(3, 1) × Pn is 4(n − 1) for n1.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
A drawing D of a graph G on a surface S consists of an immersion of G in S such that no edge has a vertex as an
interior point and no point is an interior point of three edges. We say a drawing of G is a good drawing if the following
conditions hold:
(i) no edge has a self-intersection;
(ii) no two adjacent edges intersect;
(iii) no two edges intersect each other more than once;
(iv) each intersection of edges is a crossing rather than tangential.
The crossing number cr(G) of a graphG is the smallest number of pairs of nonadjacent edges that intersect in a drawing
of G in the plane. An optimal drawing of a graph G is a drawing whose number of crossings equals cr(G).
Let G1 and G2 be vertex-disjoint graphs. Then the union of G1 and G2, denoted by G1 ∪ G2, is the graph having
V (G1∪G2)=V (G1)∪V (G2) andE(G1∪G1)=E(G1)∪E(G2). The join ofG1 andG2, denoted byG1+G2, is that
graph consisting of the union G1 ∪ G2, together with all edges of the type v1v2, where v1 ∈ V (G1) and v2 ∈ V (G2).
The Cartesian product G1 × G2 of graphs G1 and G2 has vertex set V (G1 × G2) = V (G1) × V (G2) and edge set
E(G1 × G2) = {{(ui, vj ), (uh, vk)}|(ui = uh and vjvk ∈ E(G2)) or (vj = vk and uiuh ∈ E(G1))}.
Let Cn and Kn denote the cycle and complete graph with n vertices, respectively. For any set S of vertices of a graph
G, the induced subgraph <S>G is the maximal subgraph of G with vertex set S. The generalized Petersen graph
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Fig. 2.
P(k, 1) for k3 is a graph consisting of an inner cycle Ck and an outer cycle Ck with corresponding vertices in the
inner and outer cycles connected with edges. In other words, P(k, 1) is isomorphic to Ck × P2. For terms not deﬁned
here, the reader is referred to [3].
The crossing numbers of a few families of graphs are known; most of them are Cartesian products of special
graphs. Harary et al. [4] showed that cr(C3 × C3) = 3, and Ringeisen and Beineke [8] showed that cr(C3 × Cn) = n.
Dean and Richter [2] proved that cr(C4 × C4) = 8, and Beineke and Ringeisen [1] proved that cr(C4 × Cn) = 2n
and cr(K4 × Cn) = 3n. Let Sn−1 and Pn be the star and path with n vertices, respectively. Klesc [5] proved that
cr(S4×Pn)=2(n−2), and cr(S4×Cn)=2(n−1). Klesc also proved that cr(K2,3×Sn)=2n [6] and cr(K5×Pn)=6n
[7]. In this report, we shall establish that cr(P (3, 1) × Pn) = 4(n − 1).
2. The main result
The graph P(3, 1) × Pn (n1) has 6n vertices and 15n − 6 edges. It contains n copies of P(3, 1) which we call
Pi(3, 1) (1 in) and six copies of Pn. We shall call the edges in Pi(3, 1) black and the edges in the copies of Pn red.
For i = 1, 2, . . . , n − 1, let L(i, i + 1) denote the subgraph of P(3, 1) × Pn, induced by six red edges joining Pi(3, 1)
to Pi+1(3, 1). Note that L(i, i + 1) is isomorphic to 6K2. See Fig. 1 .
Lemma 1. cr(P (3, 1) + K1) = 2.
Proof. P(3, 1) is a 3-regular graph with two 3-cycles joined by three independent edges. Let v1v2v3v1 and
u1u2u3u1 be the two cycles and u1v1, u2v2, and u3v3 be the three edges. Let w be the vertex of K1. Let D be a good
drawing of P(3, 1) and let R be a good drawing of P(3, 1) + K1. The drawing of P(3, 1) + K1 in Fig. 2 shows that
its crossing number is at most 2. Thus, it remains to show the reverse inequality. We prove this by contradiction. By
Kuratowski’s theorem, P(3, 1) + K1 is non-planar because it contains a subgraph isomorphic to a subdivision of K5.
As such, 1cr(P (3, 1) + K1)2. Suppose now that cr(P (3, 1) + K1) = 1. We consider the following two cases:
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Fig. 4.
(a) No 3-cycle in P(3, 1) has an edge crossed.
(b) At least one 3-cycle in P(3, 1) has an edge crossed.
Case (a): Since D is a good drawing, if two of the edges u1v1, u2v2, u3v3 (not an edge of a 3-cycle) cross each
other, say u1v1 crossed u2v2, then there exists a 4-cycle, v1v3u3u1v1, with the edge u1v1 crosses by u2v2. In D, the
edge v2u2 either crosses the 4-cycle at least two times (see Fig. 3(a)) or v2u2 crosses the 4-cycle once with one vertex
enclosed by the 4-cycle (see Fig. 3(b)). Since every vertex of P(3, 1) must be adjacent to w, the number of crossings
of R is at least two, a contradiction.
Case (b): Since D is a good drawing, if two 3-cycles cross each other then they cross at least two times. So no two
3-cycles cross each other. Let u1u2 be the edge of the 3-cycle crossed by u3v3 (see Fig. 4(a)). Delete the edges u1u2,
wu1, and wu2, resulting in a graph H with two vertices u1, u2 of degree 2 (see Fig. 4(b)). Note that H is homeomorphic
to K5 which has crossing number equal to one (see Fig. 4(c)). Therefore cr(P (3, 1) + K1) = 2 (one crossing on the
edge of the 3-cycle), a contradiction. 
Lemma 2. In any good drawing of P(3, 1) × Pn, n2, there are at least two crossings on the edges of Pi(3, 1) for
i = 1, 2, . . . , n.
Proof. Let wi denote the number of crossings on the edges of Pi(3, 1) for i = 1, 2, . . . , n and let Hi = 〈V (Pi(3, 1))∪
V (Pi+1(3, 1))〉P(3,1)×Pn for i=1, 2, . . . , n−1. First we prove thatwn2. Let T ′ be the graph obtained by contracting
the edges of Pn−1(3, 1) in Hn−1 resulting in a graph isomorphic to P(3, 1) + K1. By Lemma 1, wncr(T ′) =
cr(P (3, 1) + K1) = 2. For i = 1, 2, . . . , n − 1, let Ti be the graph obtained by contracting the edges of Pi+1(3, 1)
resulting in a graph isomorphic to P(3, 1)+K1. Similarly, by Lemma 1, we have wicr(Ti)= cr(P (3, 1)+K1)= 2
for i = 1, 2, . . . , n − 1. 
Lemma 3. If D is a good drawing of P(3, 1) × Pn in which every copy of P(3, 1) has at most three crossings on its
edges, then D has at least 4(n − 1) crossings.
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Proof. Let D be a good drawing of P(3, 1) × Pn in which every copy of P(3, 1) has at most three crossings on its
edges. We ﬁrst show that in D no black edges of Pi(3, 1) cross any black edges of Pj (3, 1) for i = j . Suppose that
a black edge of Pi(3, 1) crosses a black edge of Pj (3, 1). Since D is a good drawing and every edge of P(3, 1) is an
edge of a cycle, there exists a cycle induced by V (Pi(3, 1)) which contains a black edge crossing at least two black
edges of Pj (3, 1). Now delete the black edges of Pi(3, 1). The resulting graph is either
(i) homeomorphic to P(3, 1) × Pn−1 for i = 2, 3, . . . , n − 1; or
(ii) contains a subgraph isomorphic to P(3, 1) × Pn−1 for i = 1 or i = n.
Since every copy of P(3, 1) in P(3, 1) × Pn has at most three crossings on its edges, the drawing of the resulting
graph has at most one crossing on the edges of Pj (3, 1). This contradicts Lemma 2.
We next show that no black edge of Pi(3, 1) is crossed by a red edge of L(t − 1, t) for t = i and t = i + 1.
Suppose that in D there is a black edge of Pi(3, 1), (i = t , or i = t − 1) crossed by a red edge of L(t − 1, t). Then
the red edge crosses at least two black edges of Pi(3, 1), for otherwise, in D, the subdrawing D(Pi(3, 1)) separates
two P(3, 1) and Pi(3, 1) is crossed by all six edges of L(t − 1, t), a contradiction. Therefore, the red edge crosses at
least two black edges of Pi(3, 1). Thus, D contains a subdrawing of a graph isomorphic to P(3, 1) × P2 induced by
V (Pi−1(3, 1)) ∪ V (Pi(3, 1)) or V (Pi(3, 1)) ∪ V (Pi+1(3, 1)) with at most one crossing on the edges of Pi(3, 1). This
contradicts Lemma 2.
For i = 2, 3, . . . , n − 1, let
Qi = 〈V (Pi−1(3, 1)) ∪ V (Pi(3, 1)) ∪ V (Pi+1(3, 1))〉P(3,1)×Pn .
Thus, Qi has six red edges in each of L(i − 1, i) and L(i, i + 1), and nine black edges in each of Pi−1(3, 1), Pi(3, 1),
and Pi+1(3, 1) (see Fig. 5 (a)). Note that Qi is isomorphic to P(3, 1) × P3.
Let us denote by Qic the subgraph of Qi obtained by removing three black edges v13v17, v13v15, and v15v17 of
Pi−1(3, 1) and three black edges v14v18, v14v16, and v16v18 of Pi+1(3, 1) (see Fig. 5(b)) Note that Qic contains a
subgraphH obtained fromQic by removing three black edges v4v2, v6v8, and v10v12 ofPi(3, 1)which is homeomorphic
to C3 × C4 (see Fig. 6 ). In a good drawing of P(3, 1) × Pn, we deﬁne the force of Qic, f (Qic) to be the total number
of crossing of the following types:
(i) a crossing of a red edge in L(i − 1, i) ∪ L(i, i + 1) with a black edge in Pi(3, 1);
(ii) a crossing of a red edge in L(i − 1, i) with a red edge in L(i, i + 1);
(iii) a self-intersection in Pi(3, 1).
The total force of the drawing is the sum of f (Qic) for i=2, 3, . . . , n−1. It is readily seen that a crossing contributes
at most one to the total force of the drawing.
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Fig. 6.
Consider now a drawing Dic of Qic induced by D. As we have shown above, in Dic no two black edges of
different Py(3, 1) and Pz(3, 1), for y, z ∈ {i − 1, i, i + 1} cross each other, no red edge of L(i − 1, i) crosses a black
edge of Pi+1(3, 1) and no red edge of L(i, i + 1) crosses a black edge of Pi−1(3, 1). Thus, we can easily see that
in any optimal drawing Dic of Qic there are only crossing of types (i), (ii), or (iii) above. This implies that in D, for
every i, i = 2, 3, . . . n − 1, f (Qic)cr{P(3, 1) × P2} = 4, and thus the total force of D is
∑n−1
i=2 f (Qic)4(n − 2).
By Lemma 2, in D there are at least two crossings on the edges of P1(3, 1) and at least two crossings on the
edges of Pn(3, 1). None of these crossings is counted in the total force of D. Therefore, in D there are at least∑n−1
i=2 f (Qic) + 44(n − 1) crossings. 
Theorem. cr(P (3, 1) × Pn) = 4(n − 1), for n1.
Proof. The drawing in Fig. 1 shows that cr(P (3, 1) × Pn)4(n − 1) for n1. We prove the reverse inequality by
induction on n. First we have cr(P (3, 1)×P1)=4(1−1)=0, so the result is true for n=1.Assume it is true for n= k,
k2, and suppose that there is a good drawing of P(3, 1) × Pk+1 with fewer than 4k crossings. By Lemma 3, some
Pi(3, 1) must then be crossed at least four times. By the removal of all black edges of this Pi(3, 1), we obtain either
(i) a graph homeomorphic to P(3, 1) × Pk for i = 2, 3, . . . , n − 1; or
(ii) a graph which contains the subgraph P(3, 1) × Pk for i = 1 or i = n.
The drawing of any of these graphs has fewer than 4(k − 1) crossings and thus contradicts the induction
hypothesis. 
Remark. It is quite clear that P(3, 1) × P2 is isomorphic to C3 × C4, and hence by Theorem 1 in [8], we have
cr(P (3, 1) × P2) = cr(C3 × C4) = 4.
The natural question to ask now is what is the crossing number of P(k, 1)×Pn for k4.We were able to prove that
cr(P (4, 1) × Pn) = 8(n − 1) for n1 (see [9]). We end this paper with the following conjecture.
Conjecture. cr(P (k, 1) × Pn) = 2k(n − 1), for k4 and n1.
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